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We prove that a graph is perfect if its vertices can be coloured by two colours in 
such a way that each induced chordless path with four vertices has an odd number 
of vertices of each colour. Using this result, we prove a decomposition theorem for 
perfect graphs; this theorem is defined in terms of the chordless path with four ver- 
tices. 0 1985 Academic Press, Inc. 
1. THE RESULTS 
Claude Berge defined a graph G to be perfect if, for each induced sub- 
graph t: of G, the chromatic number of F equals the largest number of 
pairwise adjacent vertices in F’. (For more information on perfect graphs, 
see Golumbic [4] or Berge and Chvatal [ 11.) Vasek Chvatal conjectured 
that a graph is perfect whenever its vertices can be coloured by two colours 
in such a way that each chordless path with four vertices and three edges 
has an odd number of vertices of each colour. (The motivation for this con- 
jecture is mentioned in the companion paper [3].) The purpose of this 
paper is to prove Chvatal’s conjecture. 
THEOREM 1. If the vertices of a graph G can be coloured by two colours 
in such a way that each chordless path with four vertices and three edges has 
an odd number of vertices of each colour, then G is perfect. 
Note that the hypothesis of Theorem 1 can be tested by solving a small 
system of linear congruences modulo two: each variables in the system 
corresponds to a vertex and each congruence, corresponding to an induced 
P4 (the chordless path with four vertices and three edges), requires that the 
sum of the four variables be odd. 
Our proof relies on several fundamental results concerning perfect 
graphs. First, as conjectured by Berge and proved by Lovasz [S], a graph 
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is perfect if and only if its complement is perfect; this result is known as the 
Perfect Graph Theorem. Second, Seinsche [6] proved that a graph with no 
induced P, is perfect. Actually, Seinsche proved more: if a graph G has no 
induced P4 then either G or its complement is disconnected. Finally, it is 
known that every minimal graph (i.e., an imperfect graph G such that each 
proper induced subgraph of G is perfect) must have a number of proper- 
ties; three of them are listed below as (1 ), (2), (3). The term “homogeneous 
set” in (1) means a set Y of at least two vertices such that at least one ver- 
tex is outside Y, and such that each vertex outside Y is adjacent either to 
all the vertices in Y or to none of them. The term “clique set” in (2) means 
a set of vertices which form a clique (in other words, they are pairwise 
adjacent) and constitute a cutset (in other words, their removal disconnects 
the graph). The symbol N in (3) is mnemonic for “neighbourhood”: N(w) 
stands for the set of all the vertices that are adjacent to w. The three 
relevant properties of minimal imperfect graphs G are as follows: 
no minimal imperfect graph can contain a homogeneous set, (1) 
no minimal imperfect graph can contain a clique cutset, (2) 
no minimal imperfect graph can contain two vertices u, u with 
N(u) c_ {u} u N(o). (3) 
The fact that every minimal imperfect graph G satisfies (1) is a 
restatement of Theorem 1 in Lovasz [S]; the fact that every minimal 
imperfect graph G satisfies (2) and (3) is easy to establish. 
By virtue of (1 ), (2), and (3), the validity of Theorem 1 is guaranteed by 
the following result: 
THEOREM 2. If the vertices of a graph G are coloured by two colours in 
such a way that each chordless path with four vertices and three edges has an 
odd number of vertices of each colour, then 
(i) G or G is bipartite, or 
(ii) G or G contains a homogeneous set, or 
(iii) GorG contains a clique cutset, or 
(iv) G or G contains two vertices u, u with N(u) c {u} u N(u). 
One graph that satisfies the hypothesis of Theorem 2 is shown in Fig. 1. 
This graph has none of the properties (i), (ii), and (iii) of Theorem 2. (To 
show that the graph satisfies the hypothesis of Theorem 2, we assign 
colours to its vertices. R denotes “red” and W denotes “white.“) 
Finally, we shall present a generalization of Theorem 1. First, let us con- 
sider a graph whose vertices are coloured by two colours. A P4 is said to be 
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FIGURE 1 
monochromatic if all of its four vertices receive the same colour. A P, is well 
odd-coloured if it has an odd number of vertices of each colour and if 
among the three vertices of the same colour of this P,, at least one vertex 
does not belong to a monochromatic P,. 
THEOREM 3. If the vertices of a graph G are coloured by two colours in 
such a way that each colour appears at least once and that each induced P4 is 
either monochromatic or well odd-coloured, then G is perfect tf and only tf 
each of the two subgraphs of G induced by all the vertices of the same colour 
is perfect. 
Unlike in the case of Theorem 1, we do not know how dilficult it is to 
test the hypothesis of Theorem 3. 
One graph that satisfies the hypothesis of Theorem 3 (but not the 
hypothesis of Theorem 1) is shown in Fig. 2. (As in Fig. 1, R denotes “red” 
and W denotes “white.“) Neither this graph nor its complement contains a 
homogeneous set or a clique cutset. 
Incidentially, we shall remark on a large class of perfect graphs, 
introduced by Chvatal [23. These graphs, called perfectly orderable, are 
characterized by the existence of a linear order < on the set of vertices 
such that no induced P, with vertices a, b, c, d and edges ab, bc, cd has 
a<b and d<c. 
ii 
FIGURE 2 
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2. THE PROOFS 
Proof of Theorem 2. Let G be a graph satisfying the hypothesis of 
Theorem 2. 
We shall write G = (V, E) and refer to the two colours as red and white; 
the two subgraphs of G induced by all the red vertices and by all the white 
vertices will be denoted by R and IV, respectively. Given any two non- 
empty disjoint subsets S and T of V, we shall partition S into three subsets 
as follows: 
E&(T) if ueS and uu$E whenever UE T, 
ueS2(T) if UES and UUEE whenever UE T, 
UES~(T) if UES and uq!S,(T)uS,(T). 
Let us make note of a simple fact. 
FACT 1. Let Y be a subset of R such that the complement of the graph 
induced by Y is connected; let W be partitioned into disjoint sets P and Q 
such that P = P,(Q) and Q(Y) # 0. Then P,(Y) = 0. 
Proof of Fact 1. Assume the contrary, so that some vertex z in P is 
adjacent to some but not all vertices in Y. Since the complement of the 
graph induced by Y is connected, there must be vertices x and y in Y with 
xy $ E, xz E E, yz $ E. But then zxwy is a badly coloured P, whenever 
w  E Q2( Y), a contradiction. 
The following corollary of Fact 1 will be used over and over again. 
FACT 2. Let R be partitioned into disjoint sets Y and 2 such that the 
complement of the graph induced by Y is connected, 1 YI 2 2, and 
Z,(Y) = 0; let IV be partitioned into disjoint sets P and Q such that 
P=P,(Q) and Q2(Y)#@. If P#P,(Y) or Q1(Y)=@, then Y is a 
homogeneous set. 
Proof of Fact 2. Since Z,( Y) = 0, we only need prove that 
W,( Y) = 0. In fact, we only need prove that Q i( Y) = 0, as P,( Y) = @ is 
guaranteed by Fact 1. Thus, we may assume that P # PO( Y); now 
P,( Y) = 0 implies P2( Y) # 0, and Q i( Y) = (21 follows from Fact 1 with P 
and Q interchanged. 
A component of a graph will be called big if it has at least two vertices. 
The remainder of the proof is presented in the guise of an algorithm. 
0. If W is connected then replace G by its complement. (By Seinsche’s 
theorem, W or its complement is disconnected.) 
1. Now, W is disconnected. 
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If W has no big component then go to 9; if R has no big component then 
switch colours and go to 9. Now both R and W have big components; we 
shall distinguish between two cases. 
Case 1.1. There are no big components A of R, B of W with A,(B) # @. 
If there is no edge xy with x in a big component A of R and y in a big 
component B of W then go to 8; else consider this edge. If B is 
homogeneous then stop; else there is a component C of R with C,(B) # a. 
Since we are in Case 1.1, this component C consists of a single vertex c. 
Stop: we claim that N(c) E N(X). (To justify this claim, assume the con- 
trary: cd~ E and xd# E for some vertex d. Trivially, d E W; furthermore, 
d$ B, for otherwise x E A,(B), contradicting the assumption that 
A i(B) = a. But now d E W - B, and so xbcd is a badly coloured P4 
whenever b is a neighbour of c in B. ) 
Case 1.2. There are big components A of R, B of W with A ,(B) # @. 
If A@)#@, go to 7; if A,(B)=@ and A,(B)#@, go to 6; if 
A-,(B) = @ and A,(B) = (25, go to 2. 
2. Now, W is disconnected and there are big components A of R, B of W 
with A = A,(B). 
Note that B,(A) u B,(A) # @. If B= B,(A) then go to 3; if B,(A) # @ 
and B,(A) # % then switch colours and go to 7. Now only two cases 
remain to be considered. 
Case 2.1. B,(A)=@ and B,(A)#@. 
If A is not a clique then stop: the complement of the subgraph induced 
by A has a big component Y and Fact 2 (with Q = B) guarantees that Y is 
homogeneous. Now A is a clique. If R is connected then stop: A is a clique 
cutset. Now R is disconnected. If A is homogeneous then stop; else there is 
a component C of W with C,(A) # a. If C= C,(A) then stop: A is a clique 
cutset. (Otherwise, some vertex c in C is adjacent to some vertex d in 
R - A. Consider an arbitrary vertex b in B,(A). If bd E E then cdba is a 
badly coloured P, whenever a E A - N(c); if bd $ E then dcab is a badly 
coloured P4 whenever aE A n N(c).) Now C# C,(A) but C,(A) # @, and 
so C is big. If C,(A) # @ then switch colours and go to 7; if C,(A) = @ 
then switch colours and go to 6. 
Case 2.2. &(A)=%, B,(A)#@, B,(A)#@. 
If R is disconnected then switch colours and go to 6. Now, R is connec- 
ted, and so R = A. Let C consist of all the vertices in R that have 
neighbours in W- B; note that C is a cutset (every path from B to W- B 
must pass trough C). If C is a clique then stop (C is a clique cutset); else 
there are nonadjacent vertices u and v in C. Now the complement of R has 
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a (big) component Y containing u and U. Stop: Fact 2 (with Q = B) guaran- 
tees that Y is homogeneous. 
3. Now, W is disconnected and there are big components A of R, B of W 
with A = A,(B), B = B,(A). 
If G is disconnected then stop; else there is an edge xy with x E A u B, 
y 4 A u B. If x E B and y E R - A then switch colours; now there is an edge 
uw with u E A and w  E W - B. If N(w) r> A then go to 4; else go to 5. 
4. Now, there are big components A of R, B of W such that A = A ,(B), 
B = B,(A) and such that some vertex w  in W - B has N(w) 2 A. 
If A is not a clique then stop: the complement of A has a big component 
Y and Fact 2 (with Q = W- B) guarantees that Y is homogeneous. Now A 
is a clique. If A is a clique cutset then stop; else some vertex in B has a 
neighour r in R - A. We claim that 
N(r) P B. 
To justify this claim, find vertices a in A and b, c in B with ab E E, ac 4 E. If 
wr E E then we must have rc $ E (else awrc would be a badly coloured Pq ); 
if wr 4 E then we must have rb $ E (else wabr would be a badly coloured 
p4 )* 
Now switch colours, replace w  by r, and go to 5. 
5. Now, there are big components A of R, B of W such that A = A,(B), 
B = B,(A) and such that some vertex w in W - B has N(w) n A # 0, 
N(w) 3 A. 
We claim that 
there are no vertices a,, a2, a3 in A with wa,, a1a2, a2a3 E E and 
wa2, wag, ala3 $ E. (4) 
To justify this claim, assume the contrary and let bi (i = 2, 3) be an 
arbitrary neighbour of ai in B. We must have b,a, E E (else wal a2 b, is a 
badly coloured P4 ), b2a, # E (else a3 b,a, w is a badly coloured P4 ), 
b,a, $ E (else wal b3a3 is a badly coloured P4), b,a2 $ E (else wa,a2b, is a 
badly coloured P4 ), and b2 b3 $ E (else a, b2 b3 a3 is a badly coloured P4 ). 
But then b2a2a3 b3 is a badly coloured P,. 
Next, writing C = N(w) n A, we claim that 
some vertex x in C has N(x) 2 A - C. (5) 
To justify this claim, consider any vertex x in C that maximizes the size of 
N(x) n (A - C). If N(x) 2 A - C then we are done; else there is a vertex z in 
A - C with xz $ E. Since A contains no P,, the shortest path from x to z in 
A has precisely three vertices; let y be the interior vertex of this path. By 
(4) with a, = x, a2 =y, a, = z, we must have y E C. By the choice of x, there 
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must be a vertex t in A - C with xt E E, yt $ E. By (4) with a, = x, a2 = t, 
a3 = z, we must have zt 4 E. But then txyz is a badly coloured Pq. 
Now we shall distinguish between two cases. 
Case 5.1. C is a clique. 
Let D stand for the set of vertices in B that have neighbours in A - C. 
We claim that, with x as in (S), 
DE N(x). (6) 
To justify this claim, consider an arbitrary vertex d in D; there is a vertex a 
in A - C with adc E. We must have xdE E, for otherwise wxad would be a 
badly coloured Pq. 
Next, since A = A 1(B), there is a vertex b in B with xb 4 E; by (6), we 
have b # D. Since B = B,(A), there is a vertex a in A with ba E E; since 
b 4 D, we have a E C. We claim that 
N(a)zA-C. (7) 
To justify this claim, assume the contrary: some vertex y in A - C has 
ya # E. Since A = A,(B), there is a vertex c in B with yc E E. Note that 
c E D, and so xc E E by (6). We must have ac 4 E (else wacy is a badly 
coloured P4 ), bc E E (else baxc is a badly coloured P, ), and by & E (as 
b 4 D). But then ycba is a badly coloured P,. 
Now stop: N(Y)c {a] u N( ) a w h enever y E A - C. (Otherwise there 
would be a vertex z with yz E E, az 6 E. By (7), we must have z E W. If z E B 
then (7) guarantees that wayz is a badly coloured P, ; if z E W- B then (7) 
and b $ D guarantee that zyab is a badly coloured P4.) 
Case 5.2. C is not a clique. 
Now the complement of the subgraph induced by C has a big com- 
ponent Y. Stop: we claim that Y is homogeneous. (To justify this claim, 
write Z= R - Y. We only need show that Z,(Y) = 0 for the rest will 
follow from Fact 2 with Q = W-B. To show that Z,(Y) = @, assume the 
contrary: some vertex z in R - Y is adjacent to some but not all the vertices 
in Y. Trivially, z E A - C; since the complement of the subgraph induced by 
Y is connected, there are vertices u, u in Y with uv 4 E, uz E E, vz # E. Con- 
sider any neighbour b of z in B. We must have ub E E, for otherwise wuzb 
would be badly coloured Pq. But ub E E implies vb E E, as Fact 1 with 
Q = W- B guarantees B,( Y) = 0. Now wvbz is a badly coloured P4 ). 
6. Now, W is disconnected and there are big components A of R, B of W 
such that A,(B) = 0, A,(B) # 0, A,(B) # 0. 
We shall distinguish between two cases. 
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Case 6.1. There is no edge with one endpoint in A and the other endpoint 
in W-B. 
Let C stand for the set of the vertices in B that have neighbours in 
R - A; note that C is a cutset (every path from A to W- B must pass 
through C). If C is a clique then stop (C is a clique cutset); else there are 
nonadjacent vertices u and t, in C. Now the complement of the graph 
induced by B has a (big) component Y containing u and U. Stop: Fact 2 
(with colours switched and Q = A) guarantees that Y is homogeneous. 
Case 6.2. There is an edge with one endpoint in A and the other endpoint 
in W-B. 
Write uA,*(B) if UGA,(B) and N(u)zA,(B); write mA,*(B) if 
MA,(B) and N(z@A,(B). We claim that 
no vertex in W-B has a neighbour in (A,(B) - A,*(B))u 
(A*(B) - Aww (8) 
To justify this claim, assume the contrary. Now there are nonadjacent ver- 
tices u, II such that u E A,(B), u E A2( B), and such that uw E E or VW E E (or 
both) for some vertex w  in W- B. Next, there are vertices b, c in B such 
that ubEE and uc$E; of course ubEE and UCEE. If UWEE and UWEE 
then uwuc is a badly coloured P4; if uw E E and VW $ E then wubu is a badly 
coloured P4; if uw 4 E and uw E E then wubu is a badly coloured Pd. 
Next, we claim that 
some vertex w  in W - B has a neighbour in A,*(B). (9) 
To justify this claim, recall that there is an edge xw with XE A and 
WE W-B; by (8), we must have xAf(B)uA,*(B). If xA,*(B) then (9) 
holds; thus, we may assume x E A,*(B). Now there is a vertex b in B with 
xb $ E. Consider an arbitrary vertex u in A,(B): we must have first wu E E 
(else wxub would be a badly coloured P4 ) and then u E A,*(B) by (8). 
Hence, (9) holds again. 
With w  as in (9), write S = N(w) n A,(B). We claim that 
uaEE whenever ud and aEA-S. (10) 
To justify this claim, assume the contrary: ua 4 E for some u in S and for 
some a in A - S. By (8), we have S c A;(B), and so a E A,(B) - S. But 
then abuw is a badly coloured P4 whenever b E B. 
The remainder of the argument relies only on (10). If S is a clique then 
stop: N(u) E {u} u N( ) u w  h enever u E A 1(B) and u E S. (Otherwise, there 
would be a vertex z with uz E E, uz 4 E. Necessarily, z E W - B; but then 
zuub is a badly coloured P4 whenever b E B - N(u). If S is not a clique then 
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the complement of the subgraph induced by S has a big component Y. 
Stop: Fact 2 (with Q = B or Q = IV-B) guarantees that Y is 
homogeneous. 
7. Now, there are big components A of R, B of W such that A,(B) # @, 
Al(B) + %* 
Note that 
there is no edge uu with u E A,(B), v E A 1(B): (11) 
else, finding vertices X, y in B with xy E E and ux E E, oy 4 E, we would 
obtain a badly coloured P4 (uvxy). 
Since A contains no Pq, Seinsche’s theorem guarantees that A splits into 
nomempty parts S and T such that xy E E whenever x E S, y E T. Without 
loss of generality, we may assume that A,(B) n T# $3; now (11) implies 
A,(B)u A,(B) c T, and so SE A,(B). If S is a clique then stop: 
N(u)E(w)uN( ) h w  w  enever u E A,(B) and w  E S. (Otherwise, there would 
be a vertex z with uz E E and wz $ E. Necessarily, z E W- B; but then zuwb 
is a badly coloured P, whenever b E B.) If S is not a clique then the com- 
plement of the subgraph induced by S contains a big component Y. Stop: 
Fact 2 (with Q = B) guarantees that Y is homogeneous. 
8. Now, both R and W have big components, but no edge has one endpoint 
in a big component of R and the other endpoint in a big component of W. 
Stop: we claim that G is disconnected. (To justify this claim, assume the 
contrary: now there is a path vl, v2,..., vk such that v1 is in a big component 
of R and vk is in a big component of W. Choosing k as small as possible, 
observe that { v2 > is a component of W, { vj } is a component of R, and 
v4 E W. But then v1 v2v3 v4 is a badly coloured P4.) 
9. Now, no two vertices in W are adjacent. 
The following elegant argument, proposed by Bruce Reed, shows that G 
is perfectly orderable. Trivially, there is a lineaer order < on the set of ver- 
tices of G such that 
xcy whenever XE R, YE W 
and such that 
ccdwhenever c,dER and (N(c)n WI>jN(d)n WI; 
it is easy to verify that no P4 with vertices a, b, c, d and edges ab, bc, cd has 
a<b and d<c. 
We shall present a lengthier but self-contained argument, providing more 
insight into the structure of G. First, if R is connected then stop: by 
Seinsche’s theorem, the complement of R is disconnected, and so W is a cli- 
que cutset in the complement of G. Now 
R is disconnected; 
we shall distinguish among three cases. 
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Case 9.1. Some vertex in a big component of R has at least two 
neighbours in W. 
Among all the vertices in big components of R, choose a vertex a that 
has the largest number of neighbours in W. Let A be the big component of 
R that contains a; write Y = N(a) n W and note that 1 YI b 2. If some ver- 
tex in R - A has a neighbour in Y then stop: Fact 2 (with colours switched 
and Q = A) guarantees that Y is homogeneous. Now 
there is no edge with one endpoint in R-A and the other 
endpoint in Y. (12) 
Write 
XEA() ifxEA and N(x)n W=@, 
XEA, ifxEA-A0 and iV(x)n WE Y, 
XEA, ifxEA and N(x)n W S$ Y. 
Note that (A - A2 ) u Y is a component of G - A2 by virtue of (12); since 
A # R, it follows that A2 is a cutset of G. If A2 = 0 then stop: G is discon- 
nected. Now 
Ad0 and A&0* (13) 
We claim that 
no vertex z in A2 has a neighbour y in Y. (14) 
To justify this claim, assume the contrary. Since z has a neighbour w  in 
W - Y, we must have az E E (else ayzw would be a badly coloured P4 ). But 
the choice of a guarantees the existence of a vertex x in W with ax E E, 
zx $ E; now xazw is a badly coloured Pd. 
From (14), it follows that 
there is no edge xz with XE Al, ZE A,: (15) 
else yxzw would be a badly coloured P4 whenever y E N(x) n Y and 
wdV(z)n W. 
By Seinsche’s theorem, A splits into nonempty parts S and T such that 
xy E E whenever x E S, y E T. Without loss of generality, we may assume 
that aE T; now (13) and (15) imply that A,uA,c T, and so Sr AO. If 
1 Sl> 2 then stop (S is homogeneous); else let S be the unique vertex in S. 
If A, = (s} then stop: by (12) and (15), AI u Y is a component of G - AO, 
and so {s} is a clique cutset of G. If A0 # (s} then stop: N(t) E {s} u N(s) 
whenever t E AO- {s). 
230 C. T. HOANG 
Case 9.2. No vertex in a big component of R has two or more neighbours 
in W, but some vertex w  in W has at least two neighbours in some big com- 
ponent A of R. 
Write 
Note that A,u A, is a component of G - (AZ u (w}); since A #R, it 
follows that A2 u (w} is a cutset of G. If A2 = 0 then stop: {w} is a clique 
cutset. Now 
Ad0 and A*#0- (16) 
In addition, 
there is no edge xy with XE Al, YE A,: (17) 
else wxyz with z E N(y) n W would be a badly coloured P4. 
By Seinsche’s theorem, A splits into nonempty parts S and T such that 
xy E E whenever x E S, y E T. Without loss of generality, we may assume 
that Al n T#O; now (16) and (17) imply that A, u A,c 7’, and so Sz AO. 
If 1 S 1 t 2 then stop (S is homogeneous); else let s be the unique vertex in 
S. If A0 = {s} then stop: by (17), Al is homogeneous. If A0 # (s) then stop: 
N(t) s {s} u N(s) whenever t E A, - {s}. 
Case 9.3. No vertex in a big component of R has two or more neighbours 
in W, and no vertex in W has two or more neighbours in the same big com- 
ponent of R. 
Consider an arbitrary big component A of R and write 
XEA, ifxEA and N(x)n W=@, 
XEA, if xEA and N(x)n W#@. 
Note that 
there is no edge yz with YEA,, ZEA,: (18) 
else xyzw with x E N(y) n W, w  E N(z) n W would be a badly coloured P4. 
By Seinsche’s theorem, A splits into nonempty parts S and T such that 
X~EE whenever XES, YET. By (18), we must have Al ES or A,_c 7’. 
Without loss of generality, we may assume that A 1 E T, and so S E AO. If 
1 SI > 2 then stop (S is homogeneous); else let s be the unique vertex in S. 
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If A,# {s} then stop: N(t)5 {s} UN(S) whenever @:A,-- {s}. Now we 
have 
IAJ=l. (19) 
Finally, let Q stand for the union of all the sets A,, (one for each big 
component A of R). By (19), no two vertices in Wu Q are adjacent; by 
(18), no two vertices in R - Q are adjacent. Stop: G is bipartite. 
The proof is completed. 
To prove Theorem 5, we shall need a result established by Chvatal and 
the author in the companion paper [3]. This result can be stated as 
follows. 
THEOREM 4. Let G be a minimal imperfect graph and let S be a set of 
vertices such that S induces a P, in G. Then the vertices of G can be 
enumerated as vl, v2, v3, v4, v5 ,..., v, in such a way that S= (vl, v2, v3, v4 > 
and that each vj with j > 4 forms a P4 with some three vertices vi such that 
i<j. 
Proof of Theorem 3. If the statement was false, then the smallest coun- 
terexample would be minimal imperfect. Thus, we only need show that no 
graph G satisfying the hypothesis of Theorem 3 is minimal imperfect. 
Assume such a graph to exist. (We want to arrive at a contradiction.) 
There must be a set S of four vertices such that S induces a monochromatic 
P4 in G; for otherwise G would satisfy the hypothesis of Theorem 1, and so 
G is perfect, a contradiction. Since G is minimal imperfect, its vertices can 
be enumerated as v v i, 2 ,..., v, as in Theorem 4. In particular, vl, v2, v3, and 
v4 have the same colour (because they belong to S). Now, let j be the 
smallest subscript such that vj has the colour different from that of vq. Note 
that we have j > 5. By Theorem 4, vj forms a P4 with some three vertices Vi 
with i < j. Observing that each tli with i < j belongs to a monochromatic P,, 
we conclude that the P4 containing vj and the three vertices vi (i <j) is 
neither monochromatic nor well odd-coloured. This is the desired con- 
tradiction. 
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